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PHY 604: Computational Methods in Physics and Astrophysics II
Homework #5
Due: 2017-10-26

Programs can be written in any language, and should be accompanied by a short description of how to
compile and run them (you can put this in a README.md or the comments at the head of the source code).

Code should be submitted using git via github in the repo that was created from github classroom link.

Any analytic solutions can be handed in during class on the due date.

Please include any plots as PNG or PDF in your git repo. If you use matlab or mathematica, please
include all output from your program as well.

1. (Implicit advection) Consider the linear advection equation:

at + uax = 0 (1)

In class, we saw that an explicit first-order finite-difference upwind discretization of this resulted
in a stable method. Here we consider an implicit discretization of this same upwind method—now
the spatial derivative is evaluated at the new time.

(a) Perform linear stability analysis (as we did in class) and show that this method is stable for any
choice of Courant number.

(b) Solve this implicit discretization numerically with periodic boundary conditions.

When you write this out, you will find that you have a coupled linear system of equations that
can be written in a matrix form. The matrix is almost tridiagonal, except for a single element
in a corner resulting from the periodicity. You can use the periodic tridiagonal solver from a
previous homework to solve this (or use a general matrix solver if you wish).

Make plots of the solution with 64 and 256 grid points with C = 0.5, 1, 10.

2. Method of lines. In class, we discussed the linear advection equation:

at + [ua]x = 0 (2)

where a is the advected quantity and u > 0 is the velocity. We’ve written this in conservative form,
with a flux, f (a) = ua. Here’s we consider a method-of-lines approach to integrating the system. We
saw that the finite-volume approach begins by integrating our conservation law over space, giving:

∂ai

∂t
= − 1

∆x
{[ f (a)]i+1/2 − [ f (a)]i−1/2} (3)

We will solve this using the method-of-lines approach, using a 2nd-order Runge-Kutta integrator
to do the time integration. To construct the fluxes, we will use piecewise linear reconstruction in a
zone:

Here, the cell-averages, ai, are indicated by the dotted lines. We do piecewise linear reconstruction
to create a slope in each cell (the red lines) and use the value of these lines on the interface to evaluate
the flux. Notice that there are two potential states on each interface—for the i + 1/2 interface, these
are drawn as the blue×’s. This is where we use upwinding—for u > 0, we always take the left state
on the interface.

To solve this using an ODE integrator in time, you will need to evaluate the righthand side of Eq. 3
(the divergence of the flux). The procedure for this is as follows:
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• Fill the ghost cells with your boundary conditions.

• Do linear reconstruction in each zone as:

∆ai =
1
2
(ai+1 − ai−1)

Notice that we do not divide by ∆x in this slope definition.

You’ll need to do this reconstruction in one ghost cell, so you’ll need 2 ghostcells on each side
of the domain in order to compute all the needed slopes.

• Construct the interface state on each interface using the slope just to the left of the interface:

ai+1/2 = ai +
1
2

∆ai

• Compute the flux through the interface as

[ f (a)]i+1/2 = uai+1/2

Solve this equation using 2nd-order Runge-Kutta for the time-integration. This means that you’ll
do the flux divergence construction outlined above twice for each timestep.

Pick a value of the Courant number, C = 0.5, and work on a domain [0, 1] with periodic boundary
conditions. By choosing the number of zones, N, you can compute the timestep,

∆t =
C∆x
|u|

(a) Solve this for one period with N = 64, with the following initial conditions:

i. Gaussian:
a(x, t = 0) = 1 + e−60(x−1/2)2

ii. Tophat:

a(x, t = 0) =


0 x < 1/3
1 1/3 ≤ x ≤ 2/3
0 x > 2/3

(b) Now replace the slope computation with a limited slope:

∂a
∂x

∣∣∣∣
i
= minmod

(
ai − ai−1

∆x
,

ai+1 − ai

∆x

)
(4)
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with

minmod(a, b) =


a if |a| < |b| and a · b > 0
b if |b| < |a| and a · b > 0
0 otherwise

(5)

Redo the same runs as in part (a).

(c) Measure the convergence of your solver. Since the linear advection equation should not change
after one period, you can compute the error after advecting as:

ε = ‖afinal − ainitial‖ (6)

where ‖.‖ is a norm, as discussed in class, and final and initial refer to the solution after one
period and the initial conditions, respectively.

Plot ε vs. ∆x on a log-log plot for several values of ∆x for both the tophat and Gaussian, using
the slope limited method from part (b).

3. (Nonlinear hyperbolic equations) In this problem we look at several first-order finite-difference meth-
ods for Burger’s equation:

ut + uux = 0 (7)

This is a nonlinear equation. In conservative form, this appears as

ut +

[
1
2

u2
]

x
= 0 (8)

Although these forms are analytically equivalent, the numerical solutions will differ.

(a) Using first-order upwinding, we can difference Eq. 7 as

un+1
i = un

i −
∆t
∆x

un
i (u

n
i − un

i−1) (9)

This is valid as long as un
i > 0. Write a program to solve this equation with initial conditions:

u(x, t = 0) =
{

2 if x < 0.5
1 if x ≥ 0.5

(10)

and outflow boundary conditions. What type of solution do you see? Also run it with:

u(x, t = 0) =
{

1 if x < 0.5
2 if x ≥ 0.5

(11)

Now what does the solution look like?

Important: This is a non-linear equation—make sure you use the proper CFL condition for this
method. This means: pick a value for C, then evaluate ∆t = C∆x/ maxi{u}

(b) Now difference Eq. 8 as

un+1
i = un

i −
∆t
∆x

(
1
2
(un

i )
2 − 1

2
(un

i−1)
2
)

(12)

Write a program to solve this, and run it on the same initial data as in part a. Note that both of
these discretizations assume that u > 0.

How do the solutions differ for the two discretizations? One of the initial conditions generates a
shock—measure its speed for each method. How does the shock speed differ with resolution?
Which method gets the shock speed correct? Why? Present your results at 3 different grid
resolutions.
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