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PHY 604: Computational Methods in Physics and Astrophysics II
Homework #2
Due: 2017-10-03

Programs can be written in any language, and should be accompanied by a short description of how to
compile and run them (you can put this in a README.md or the comments at the head of the source code).

Code should be submitted using git via github in the repo that was created from github classroom link.

Any analytic solutions can be handed in during class on the due date.

1. ODEs. Consider a simple pendulum. The equations of motion are:

θ̇ = ω (1)

ω̇ = − g
L

sin θ (2)

where θ is the angular displacement from vertical and ω is the angular velocity. The angular ac-
celeration in this case is α = −(g/L) sin θ. In your intro mechanics class, you probably solved this
using the small-angle approximation an found the solution has the form:

θ(t) = A cos( 2π
T t + φ) (3)

where the period (in the small-angle approximation) is:

T = 2π

√
L
g

(4)

We will solve this system without making the small-angle approximation. For larger amplitude
displacements, the period takes the form:

T = 2π

√
L
g

(
1 +

1
16

θ2
m + . . .

)
(5)

(Garcia, Eq. 2.38), where θm is the initial angular displacement of the pendulum. The total energy of
the system is

E =
1
2

mL2ω2 −mgL cos θ (6)

(a) Solve the pendulum system using both the Euler and Euler-Cromer methods. Pick L = 10 m
and g = 10 m/s2. Compare the solutions for θ = 10◦ and 100◦. Make a plot of both θ(t) vs. t
and E vs. t. Notice the stark difference in the behavior between the two methods.

In each case, estimate the period from your numerical solution.

(b) By substituting θn+1 and ωn+1 from the Euler method into the total energy expression, show
that the total energy monotonically increases in time when the system is solved using Euler’s
method. (If necessary, you can use the small-angle approximation here to simplify things). The
same is not true with the Euler-Cromer method, which is why it does much better

(c) Now consider the leapfrog method we discussed in class, in its kick-drift-kick or velocity Verlet
formulation. As we saw in class, this applies when the acceleration term (α in our case) does
not depend on the velocity (ω for us).

Implement this method for the simple pendulum and estimate its convergence by comparing
the total energy after several periods to the initial energy for a variety of choices of τ.
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2. Three-Body Problem. (this is basically Newman Exercise 8.16) Consider three stars, initially at rest,
with masses and initial positions: All stars are in the x-y plane, with z = 0. The equation of motion

star mass x y
1 150 3 1
2 200 −1 −2
3 250 −1 1

for star i is then
d2xi

dt2 =
3

∑
j=1;j 6=i

Gmj
xj − xi

|xj − xi|3
(7)

where i = 1, 2, 3, and xi = (xi, yi) are the coordinates of star i.

Write this as a system of first-order ODEs by introducing the velocity, vi = dxi/dt. Work with G = 1.

(a) Solve this system from t = 0 to t = 2 using the adaptive 4th order Runge-Kutta method, seeking
a local error of ε = 10−5.

Note: you may want to prevent yourself from dividing by zero if the stars get on top of one-
another by introducing some small safety factor in the denominator of the force expression. In
N-body calculations, this is called a softening length.

Make a plot of the trajectories of the 3 stars.

(b) The center of mass of the system should remain fixed. Compute the center of mass as:

xcm =
1
M

3

∑
i=1

mixi (8)

ycm =
1
M

3

∑
i=1

miyi (9)

where M is the sum of masses.

Plot the value of the center of mass vs. time (e.g. xcm vs. t, and ycm vs. t).
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