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PHY 604: Computational Methods in Physics and Astrophysics II
Homework #1
Due: 2017-09-19

Programs can be written in any language, and should be accompanied by a short description of how to
compile and run them (you can put this in a README.md or the comments at the head of the source code).

Code should be submitted using git via github in the repo that was created from github classroom link.

Any analytic solutions can be handed in during class on the due date.

1. Understanding roundoff error (this is essentially Newman exercise 4.2) Consider a quadratic equation
of the form ax2 + bx + c = 0. The two solutions of this are:

x =
−b±

√
b2 − 4ac

2a
(1)

An alternate expression that gives the same two roots is:

x =
2c

−b∓
√

b2 − 4ac
(2)

Understanding how roundoff error works (especially when subtracting two close numbers), and
using either or both of these expressions, write a code that gives accurate roots for a quadratic
equation with a = 0.001, b = 1000, and c = 0.001.

2. Trapezoid integration error control Imagine evaluating an integral, I,

I =
∫ b

a
f (x)dx (3)

with the trapezoid rule. We divide [a, b] into N intervals and use the trapezoid rule as:

Ih ≡
h
2

N−1

∑
i=0

[ f (xi) + f (xi+1)] (4)

where
h =

b− a
N

(5)

As we saw in class, the error in this approximation is O(h2), which we write as:

I ≈ Ih + ch2 (6)

(where c is some constant and I is the exact integral).

Here we want to provide an estimate of the error in our integral and use this to pick the number of
intervals N to get some desired accuracy ε.

(a) Consider computing the integral with N intervals and 2N intervals (corresponding to h and
h/2 resolution). Show that the approximate error with this finer resolution is

εh/2 ≈
1
3
(Ih/2 − Ih) (7)
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(b) Test this error estimate on the following integrals with known solutions and see how this esti-
mate compares to the true error in the trapezoid integration (i.e., I− Ih). Note, only the absolute
value of the error matters.

i. I =
∫ 1

0 xdx

ii. I =
∫ 1

0 sin(x)dx

(c) Write a program that takes a function, f , an interval, [a, b], and a desired error, ε, and computes
the integral of f to that accuracy by determining the number of intervals N needed using the
above error estimate.

3. Integration to ∞ (based on Newman). Consider the gamma function,

Γ(a) =
∫ ∞

0
xa−1e−xdx (8)

We want to evaluate this numerically. Consider a variable transformation of the form:

z =
x

x + c
(9)

This will map x ∈ [0, ∞) to z ∈ [0, 1], allowing us to do this integral numerically in terms of z.

For convenience, we express the integrand as φ(x) = xa−1e−x.

(a) For what value of x is the integrand φ(x) maximum?

(b) Choose the value c in our transformation such that the peak of the integrand occurs at z =
1/2—what value is c?

This choice spreads the interesting regions of integrand over the domain z ∈ [0, 1], making our
numerical integration more accurate.

(c) Find Γ(a) for a few different value of a using and numerical integration method you wish,
integrating from z = 0 to z = 1. Keep the number of points in your quadrature to a reasonable
amount (N . 50).

Don’t forget to include the factors you pick up when changing dx to dz.

Note that roundoff error may come into play in the integrand. Recognizing that you can write
xa−1 = e(a−1) ln x can help minimize this.

4. Simpson’s rule. In class we derived the compound version of Simpson’s rule, noting that we integrate
over pairs of slabs/intervals.

(a) Imagine that you want to integrate f (x) over [a, b], and have divided the domain into an odd
number, N, slabs/intervals, with the function specified at the points x0, . . . , xN .

In this case, you would integrate all the pairs of slabs up until the last slab. For the remaining
odd slab, [xN−1, xN ], show that a Simpson’s rule for this slab is∫ xN

xN−1

f (x)dx ≈ ∆x
12

(− fN−2 + 8 fN−1 + 5 fN) (10)

(Hint: fit a parabola to the last three points and integrate over the last slab).

(b) Integrate f (x) = sin(πx) over [0, 1] using N = 3, 7, 15, & 31 slabs/intervals, and plot the
absolute error vs. δ = (b− a)/N on a log-log plot.

What convergence rate do you observed?
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