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PHY 688: Astrophysical Fluids and Plasmas
Homework #5
Due: 2018-04-02

This assignment requires you to write a code. When submitting your solutions, please give me hardcopies of
any plots and either (i) e-mail me your code or (ii) put your code up on github and send me a link.

Also, please give me instructions on how to build your code (preferably a makefile) and how to run it for each
of the problems below.

1. We will solve the Euler equations in 1-d using a method of lines discretization. An approximate
Riemann solver can be downloaded from our class webpage (I’ve provided this in C, Fortran, and
python). You are responsible for writing the driver, constructing the interface states, doing the time-
integration, etc. Several test problems are listed below for you to compare to.

Here’s a brief outline of the solution procedure (you should also look back on our notes and the
advection example I provided in class):

• Setup your grid and allocate storage for the solution—you will need 2 ghost cells on each end.

• Initialize the problem with the initial conditions provided below.

• Loop, while t < tmax:

– compute the timestep as

∆t = C
∆x

maxi{|ui|+ ci}
(1)

– Compute the advective source, An, from Un,

An
i = −

Fn
i+1/2 − Fn

i−1/2

∆x
(2)

This is constructed as:

∗ Fill ghost cells on Un

∗ Convert to primitive variables: Un → qn

∗ Compute the limited slopes

∆qi = minmod(qn
i+1 − qn

i , qn
i − qn

i−1) (3)

with

minmod(a, b) =


a if |a| < |b| and a · b > 0
b if |b| < |a| and a · b > 0
0 otherwise

(4)

Note: you will need slopes in one ghost cell on each end of the domain.

∗ For each interface, construct the states:

qn
i−1/2,L = qn

i−1 +
1
2

∆qi−1 (5)

qn
i−1/2,R = qn

i −
1
2

∆qi (6)

Note:, for N zones, there are N + 1 interfaces.
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∗ Solve the Riemann problem to get the flux (the routines I provided to this for you):

Fn
i−1/2 = R(qn

i−1/2,L, qn
i−1/2,R) (7)

– For second-order method-of-lines, we now predict the state at an intermediate stage:

U? = Un +
1
2

∆tAn (8)

– Now compute A? from U? following the same steps we used above with Un to get An.

– Do the final update to the new time:

Un+1 = Un + ∆tA? (9)

– Copy the new solution to the old solution for the next step, Un ← Un+1.

• Output the solution and make plots

Some suggestions:

• Organize your code into functions more or less aligned with the different bullets above.

• If you are using a compiled language, turn on all the debugging options the compiler provides
(like bounds checking, trapping invalid floating point operations, etc.)

• Start with a first-order solution—don’t construct the slopes and do only a single stage in the
time update. This will test the basic structure of your code.

Test Problems: We will test this code by running several shock tube problems. The exact results for
these tests can be downloaded from our class website in the form testX-exact.out. Run each test
at 64, 128, and 256 zones, and plot the results on top of the exact solution.

Our initial conditions are specified in terms of the primitive variables, q = {ρ, u, p}ᵀ. You should
use γ = 1.4 in the equation of state. All of our tests are run on a domain [0, 1], with a single jump in
the state:

q(x, t = 0) =
{

ql x < 1/2
qr x ≥ 1/2

(10)

(a) test 1 (Sod’s problem):

ql =

{ 1.0
0.0
1.0

qr =

{ 0.125
0.0
0.1

(11)

tmax = 0.2 (12)

This is called Sod’s problem. The solution consists of a shock, a contact discontinuity, and a
rarefaction. It is a standard test for hydrodynamics codes, since all three hydrodynamic waves
are present.

(b) test 2 (double rarefaction):

ql =

{ 1.0
−2.0
0.4

qr =

{ 1.0
2.0
0.4

(13)
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tmax = 0.15 (14)

This configuration results in two rarefactions moving away from the center and a trivial contact
discontinuity at the center. Between the two rarefactions, the pressure tends to zero (creating a
vacuum region). For this reason, this is a very difficult problem for hydro codes.

(c) test 3 (strong shock):

ql =

{ 1.0
0.0

1000.0
qr =

{ 1.0
0.0
0.01

(15)

tmax = 0.012 (16)

The solution to this initial state consists of a strong right moving shock, a contact, and a rar-
efaction. This strong shock is a very demanding test of a Riemann solver.

(d) test 4 (stationary shock):

Now, we will consider the problem of a slow moving shock. Consider the following initial
conditions

ql =

{ 5.6698
−1.4701

100.0
qr =

{ 1.0
−10.5

1.0
(17)

tmax = 1.0 (18)

These initial conditions result in a single shock moving to the right, but the velocity ahead of
the shock was chosen so the shock is essentially stationary.

Describe the flow behind the shock.
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